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Topological sound in nonreciprocal active-liquid networks
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Recent advances in nonreciprocal topological networks have discovered a type of anomalous topological edge
states with superior robustness against larger disorders than the quasienergy band gap. However, to date, all
previously demonstrated nonreciprocal topological networks have required external drives such as magnetic
fields or time modulation to break the time-reversal symmetry (TRS). Here, by extending this concept to
topological active matter systems with spontaneous TRS breaking, we demonstrate robust acoustic anomalous
and Chern edge states in a self-propelled nonreciprocal active-liquid network without any external drives. More
interestingly, we show that the anomalous topological edge states exhibit superior robustness against Hermitian
disorders even than the Chern ones. Furthermore, we discover that such superior robustness no longer holds in
the presence of non-Hermitian perturbations, and both the anomalous and Chern edge states transition to the
corner skin modes by the non-Hermitian skin effect. Our work extends the nonreciprocal topological networks
to active matter and non-Hermitian systems, offering possibilities for sound manipulation in a highly unusual

way.

DOI: 10.1103/rvkr-7mr2

I. INTRODUCTION

Since the discovery of topological phases of matter [1-3],
topological robustness against disorder and defects has played
a central role in condensed matter physics and its classical
analogs, such as photonics [4—6], acoustics [7-10], mechan-
ics [11-13], electric circuits [14—16], and thermal diffusions
[17,18]. In general, topological phases of matter can be clas-
sified into two distinct categories depending on whether their
time-reversal symmetry (TRS) is invariant or not. The former
includes quantum spin Hall or quantum valley Hall insulators
supporting reciprocal topological edge states, which are only
robust against perturbations preserving relevant symmetries,
thus providing inherently weak topological protection [5,19—
21]. In stark contrast, the latter includes quantum Hall or
quantum anomalous Hall insulators, also well known as Chern
insulators (CI) that support nonreciprocal chiral edge states
(CESs), offering strong topological protections as they break
the reciprocity and guarantee genuine backscattering immu-
nity for almost any perturbations that are smaller than the
Chern band gap [4,22-25].

Recently, nonreciprocal topological networks [26-31] with
highly robust anomalous topological edge states, which can
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survive larger disorders than the quasienergy band gap and
are even more reliable than the Chern ones, have been
theoretically proposed and experimentally demonstrated, pro-
viding unprecedented strong topological protection against
imperfections or disorders for wave manipulations. However,
so far, all previous studies on nonreciprocal topological net-
works require external drives such as magnetic fields [26,27]
or time modulation [28] to break the TRS, to some extent
limiting their practical applications. Therefore, removing the
requirement for external drives in nonreciprocal topological
networks is highly desirable.

On the other hand, topological active matters [32] or active
liquids [33,34] that are composed of self-propelled particles
flowing spontaneously with TRS breaking in the absence of
any external drives, have provided an ideal platform for ro-
bust sound [35-38] and cargo [39] transport. For instance,
using Lieb lattices of annular channels filled with sponta-
neously flowing active liquids, topological active-liquid Chern
insulators supporting acoustic CESs have been demonstrated
[35]. However, this configuration is less suitable for realizing
topological nonreciprocal active-liquid networks because the
essential phase-delay link channels are absent. More signifi-
cantly, it is still an open question whether a uniform steady
chiral flow can be preserved in each annulus of an active-
liquid network once the closed annular channels are opened
and coupled by bidirectional links.

In this work, by extending the nonreciprocal topological
networks to active matter system, we report topological sound
manipulation in a nonreciprocal active-liquid network com-
posing a honeycomb lattice of annular channels filled with
self-propelled liquids that can flow spontaneously in the ab-
sence of any external drives. We demonstrate that such a
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FIG. 1. Topological nonreciprocal active-liquid network. (a)
Schematic of the topological nonreciprocal active-liquid network
composing a honeycomb lattice of annular channels (blue color)
filled with spontaneously flowing active liquid (red arrows). (b) The
steady state of the active liquid was simulated using a particle-
based model with red arrows representing the velocity field. ¢
represents the reciprocal phase delay imparted by the links between
adjacent annuli. (c) Phase diagram of the topological nonrecipro-
cal active-liquid network in the parameter space (vg, 7). The blue
(pink) region corresponds to the anomalous (Chern) phase and the
white region represents the phase transition. Floquet band structures
of the (d) AFI phase (vy = 0.0023¢, r = 0.1271a), (e) topologi-
cal phase transition point (vg = 0.0035¢, r = 0.1271a), and (f) CI
phase (vo = 0.0049¢, r = 0.1271a), corresponding to the three yel-
low dots in panel (c). The quasienergy band gaps are marked with
numbers.

nonreciprocal topological active-liquid network can support
acoustic anomalous Floquet insulator (AFI) or Chern insula-
tor phases, depending on the individual reflection coefficient
of the three-port nonreciprocal scatterers. Interestingly, we
show that the acoustic AFI phase exhibits superior robustness
against Hermitian disorders even stronger than the acoustic
CI one. Moreover, we discover that both the acoustic AFI
and CI edge states cannot survive under large non-Hermitian
perturbations and transition to corner skin modes via the non-
Hermitian skin effect (NHSE) [40—42].

II. CHERN AND ANOMALOUS PHASES IN AN
ACTIVE-LIQUID NETWORK

We start with a honeycomb lattice of annular channels
filled with active liquids and consider the topological den-
sity wave propagation in it, as illustrated in Fig. 1(a). For
an isolated annulus, a circumferential steady chiral flow of
active liquid can emerge spontaneously due to the constituent
self-propelled particles and the constraints from the close
boundary conditions. Such a chiral flow leads to sponta-
neous TRS breaking, resulting in nonreciprocal propagation
of density waves in topological active-liquid metamaterials
without external drives [35]. In the nonreciprocal active-liquid
network model, as shown in Figs. 1(a) and 1(b), however,
each annulus has three opening ports, and any two adjacent
annuli are coupled by a straight link tube. The steady chiral

flow within each annulus may leak into its neighboring ones
because of these openings, leading to the exchange of active
liquid flows in different annuli. This raises a fundamental
question as to whether the global uniform steady chiral flow
still can survive in each annulus in the presence of opening
ports. The answer is affirmative, which can be confirmed
by the particle-based numerical simulation of the dynamics
of the active-liquid networks (see Note 1 and movie in the
Supplemental Material [43]).

The collective dynamical behavior of the active liquid in a
polar-type interaction is governed by the Toner-Tu equations
[35-37,44-47], which read

dp+V-(pv)=0, (1
C2

IV HAMV-VIV= (= BIVIV——Vp+yVi, (2
£0

where c is the sound speed, p(r, t) is the density of the active
liquid, and v(r, ) is the local average of the velocities of the
self-propelled particles. @ and B are the Landau coefficients
used to model the spontaneous breaking of the rotational
symmetry and here we assume A = 0.8, and y is the diffusive
coefficient. For the case of & > 0, the Toner-Tu equations re-
sult in an ordered phase of the system with v having a nonzero
magnitude +/a/B, as shown by the steady-state chiral flows
(thick red arrows) in Fig. 1(b). We consider the fluctuations of
the density (5p = p — po) and velocity (§v = v — vy) field of
the steady state (with pp and vy being the steady-state values)
and neglect their second-order contributions and the diffusive
term. In the limit of vy/c < 1 and assuming an oscillating
solution §pe of the density wave, the linearized Toner-Tu
equations can be deformed into the Schrodinger-like equation
(see Note 2 in the Supplemental Material [43]):

2
[0}
(V—iA)Y 8p = = 90, A3)

where A = w(A + 1)vy/(2¢?) is the effective vector potential
dependent on the steady-state velocity vg. The spontaneous
chiral flow in the annuli analogously contributes an effective
magnetic field to the active-liquid networks to break the TRS.
On the other hand, in each link tube between two adjacent
annuli, the net effective vector potential should be zero since
there exist two opposite flows (see Note 1 in the Supplemental
Material [43]).

The density waves propagating in the topological active-
liquid networks can be well described by a nonreciprocal
scattering network model. Due to the spontaneous chiral flow,
each annular channel can be regarded as a three-port nonre-
ciprocal circulator described by a 3 x 3 unitary scattering
matrix. For each circulator, the output (denoted as |a)) and
input (denoted as |c)) waves at three ports are related by a
unitary scattering matrix Sy through |a) = Sp|c). The output
waves that leave a circulator will turn into the input waves of
the neighboring circulator after traveling a distance / along the
coupling tubes. These coupling tubes are termed phase links
since they generate a phase delay ¢ = exp(Ziko/) between
two neighboring circulators. The density waves propagating
in an infinite honeycomb network can be described by a Bloch
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equation [27,48-51]
Sk)|c k) = e e (k)), (€]

where k represents the wave vector, S(k) is a 6 x 6 unitary
matrix obtained by assembling the scattering matrices of two
neighboring circulators in a unit cell, and |c(K)) represents the
Bloch modes that propagate in the honeycomb network. Note
that S(Kk) is parameterized by the inner radius r of the annulus
and the particle speed vy. This nonreciprocal scattering net-
work described by a unitary matrix S(k) can be mapped onto
the Floquet eigenproblem of a periodically driven lattice, with
the phase delay ¢ playing the role of the quasienergy [52,53].

We then use the model of Eq. (4) to explore the phase
diagram of the topological active-liquid network on the (vg, r)
plane, as shown in Fig. 1(c). The colors represent the re-
flection coefficients at each port of the circulator. The phase
diagram reveals three distinct phases: the CI phase with
Chern CESs and nonzero Chern number for |R| > 1/3, the
topological phase transition with quasienergy band gaps
and ) closing at |R| = 1/3, and the AFI phase with zero
Chern number but still supporting anomalous nonreciprocal
topological edge states for |R| < 1/3. We confirm the topo-
logical nature of these phases by calculating their winding
numbers and Chern numbers (see Note 3 in the Supplemental
Material [43]). Furthermore, although our network geometry
resembles those in earlier works [9,23], the AFI phase has
not been explored in those studies because their frequency-
based framework does not exhibit Floquet band structures.
By directly solving Eq. (4), we obtain bulk band structures
of the nonreciprocal active-liquid network (cyan dots) with
different particle speeds vg at » = 0.1271a for the AFI phase
(vo = 0.0023¢), the topological phase transition phase (v =
0.0035¢), and the CI phase (vy = 0.0049c), respectively, as
shown in Figs. 1(d)-1(f), in which two band gaps (2 and ()
close and then reopen, implying the occurrence of a topolog-
ical phase transition, while the other four band gaps (D), 3,
@), and (©)) always keep opening. The color map represents
the results obtained by solving Eq. (3) using the commercial
finite element software COMSOL Multiphysics (see Note 4
in the Supplemental Material [43]). The excellent agreement
between these two methods indicates that the semianalytical
scattering network model is sufficient to describe the topolog-
ical features of the nonreciprocal active-liquid network (see
Note 5 in the Supplemental Material [43]).

Next, we study the topologically protected edge states of
the anomalous and Chern phases. We first calculate the band
structure of a ribbonlike supercell composed of 20 circula-
tors with periodic boundary conditions (PBCs) along the x
direction and open boundary conditions (OBCs) at the top
and bottom edges. The calculated edge dispersions of the
anomalous and Chern phases are shown in Figs. 2(a) and 2(c),
respectively, in which the dotted lines and the background
color represent the results obtained from the model of Eq. (4)
and the finite element simulations, respectively. It can be seen
that both the AFI and CI phases exhibit CESs propagating
along the top (yellow dots) and bottom (cyan dots) edges.
The main contrast is that the anomalous CESs exist in every
quasienergy band gap, while the Chern CESs only exist in
the four band gaps (D), @), @, and ©)) without a topological
phase transition. Figures 2(b) and 2(d) show the eigenmode

FIG. 2. Anomalous and Chern edge states of the topological
active-liquid network. (a) Band structure of a ribbonlike supercell
with PBCs in the x direction and OBCs at the top and bottom. The
low-reflection case is in the AFI phase, featuring anomalous nonre-
ciprocal topological edge states spanning all quasienergy band gaps
marked with numbers. (b) The density wave intensity distributions
of the AFI edge states correspond to the blue star and blue circle
in panel (a). The yellow and cyan arrows indicate the propagation
directions of the AFI edge states. (c), (d) The same as in panels (a)
and (b), but for the CI edge states. Note that the CI edge states are
absent in band gaps @) and ().

profiles of the AFI and CI CESs corresponding to the blue
star and blue circle in Fig. 2(a) and pink star and pink cir-
cle in Fig. 2(c), respectively. The cyan and yellow arrows
indicate the propagation direction of the CESs. Note that
while CESs can be supported by both the AFI and CI phases,
there exists a significant difference between their boundary
localization strength, which will further lead to different lo-
calization levels of the chiral edge modes and the corner skin
modes in a non-Hermitian active-liquid network, as we will
discuss later.

We then examine the topological robustness of the non-
reciprocal anomalous and Chern edge states. Since the AFI
phase has flatter bulk bands and larger band gaps than the
CI phase and hosts anomalous topological edge states in ev-
ery quasienergy band gap, it can be intuitively expected that
the anomalous nonreciprocal topological edge states should
be more robust to disorder than the Chern ones. To verify
this prediction, we introduce random disorder to the particle
speed and inner radius of the circulator in a finite rectangular
active-liquid network. We define Ay as the degree of disorders
(see Note 6 in the Supplemental Material [43]). For each Ag
varies from 0% to 100%, the average edge transmissions of the
AFI (blue line) and CI (pink line) phases for 100 realizations
of the disorder are calculated and plotted in Fig. 3(a), in
which the solid lines represent the ensemble average value
of the edge transmission, and the dashed lines are the first
and last quartiles. When there is no disorder (Ag = 0), both
the AFI and CI phases exhibit high transmission because their
CESs are unperturbed. As Ag increases from 0% to 100%,
the average transmission of the Chern edge states (pink line)
drops quickly. In stark contrast, the transmission of anomalous
nonreciprocal topological edge states (blue line) exhibits a
different behavior, remaining near 90% even when Ag reaches
100% (fully random case). This phenomenon can be fur-
ther confirmed by the corresponding density wave intensity
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FIG. 3. Comparison of the robustness of AFI and CI edge states
against disorder. (a) Transmission of the AFI (blue line) and CI (pink
line) edge states with randomly generated (vg, r). The solid lines
represent the transmission averaged over 100 realizations of random
disorder, and the dashed lines are the first and last quartiles. Ag is the
degree of the disorder. Density wave intensity distributions of (b) the
AFI and (c) CI phases under different disorder strengths.

distributions of the anomalous and Chern phases with differ-
ent disorders Ag, as shown in Figs. 3(b) and 3(c). These results
demonstrate that the anomalous nonreciprocal edge states of
the topological active-liquid network exhibit superior robust-
ness than the Chern ones under the fluctuations of particle
speed and the inner radii of the circulator.

III. CHERN AND ANOMALOUS EDGE STATES IN A
NON-HERMITIAN ACTIVE-LIQUID NETWORK

Next, we consider a non-Hermitian topological active-
liquid network by introducing a dissipative term in Eq. (2).
As illustrated in the inset of Fig. 4(a), one annulus of each
unit cell includes a loss e™¢ indicated by the gray region. In
this case, both the AFI and CI edge states will be gradually
localized to the corner by the NHSE [40,41], forming exotic
corner skin modes. To demonstrate this unique phenomenon,
we study the supercell shown in Fig. 4(a), which has PBCs
along the x direction and OBCs in the y direction (“x-PBC/y-
OBC”). Figures 4(b) and 4(c) show the complex quasienergy
spectra of the supercell for the anomalous and Chern phases,
respectively, and the blue (pink) sectors marked by numbers
represent the quasienergy band gaps of the anomalous (Chern)
phase. Note that in Figs. 4(b) and 4(c), we adopt e~ as the
quasienergy instead of ¢ since the real part of ¢ has a period
of 2 (see Note 7 in the Supplemental Material [43]) [54]. It
can be seen that, as k, sweeps through the one-dimensional
Brillouin zone of the supercell, the chiral edge modes of both
the AFI and CI phases form spectral loops (colored curves)
on the complex plane, producing nonzero point-gap winding
numbers that can be calculated using the formula (see Note 7
in the Supplemental Material [43]) [40,55,56]

dky d ; )
— | e @ etk _ =it 5
Vo (¢0) /BZ o dka arg[e e ], )
where o = x, y indicates the direction along which PBCs are
imposed on the supercell and ¢, is a reference quasienergy
within the loop. The point-gap winding number gives rise to
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FIG. 4. Non-Hermitian topological active-liquid network. (a)
Schematic of the supercell of a non-Hermitian topological active-
liquid network with lossy links (shaded region), g represents the loss
factor. Complex energy spectra of the (b) anomalous and (c¢) Chern
phases for x-PBC/y-OBC (color curves) and double OBCs (gray
diamonds). The blue (pink) sectors marked with numbers indicate
anomalous (Chern) quasienergy band gaps, and the polar angles
represent the real parts of the minus quasienergy —¢. The red arrow
represents the direction of increasing ¢ from —m. The loss factor g =
1. (d) Intensity distributions of the eigenmode of the non-Hermitian
AFI and CI phases with x-PBC/y-OBC marked by stars and dots in
panels (b) and (c), respectively. (e) The average decay coefficients of
the non-Hermitian AFI (blue lines) and CI (pink lines) eigenmodes
along the edge as a function of g in different quasienergy band gaps
marked with numbers. (f) Intensity distributions of the eigenmode of
the non-Hermitian AFI and CI phases with double OBCs and fixed
¢ = /8 in gap @ under different loss factors g.

the localization of the anomalous and Chern edge states by
the NHSE and its sign determines the localization direction of
the edge states to the corners. One can define the modes with
larger (smaller) imaginary part quasienergy as “gain” (loss)
modes that are confined at G (L)-type edge. Figure 4(d) shows
the intensity distributions of the “gain” (loss) modes localized
at the lower (upper) boundary of the AFI and CI phases with
fixed ¢ = /8.

We now consider a finite thombic active-liquid network
composed of 10 x 10 unit cells with OBCs along both the
x and y directions (“‘double OBCs”) to examine the AFI and
Chern edge states under non-Hermitian perturbations. The
calculated complex quasienergy spectra of this finite rhombic
network in the AFI and CI phases (gray diamonds) are plotted
in Figs. 4(b) and 4(c), respectively. Both the anomalous and
Chern edge states will be localized at the corner and transition
to the corner skin modes via NHSE. Since the corner skin
modes have exponential eigenfunction distributions along the
edges, thus we can define |, ,| e;\w, where A, , is the de-
cay coefficient and |y, ,| is the amplitude at the nth site along
the p-type edges with p representing G (L). Note that the left
and bottom (right and upper) boundaries of the finite non-
Hermitian nonreciprocal topological networks support “gain”
(loss) modes. In Fig. 4(e), we plot the mean decay coefficients
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A= Z?zl AGQ;“ ) of three midgap eigenmodes of AFI (blue
lines) or CI (pink lines) along two types of edges in different
quasienergy band gaps as a function of the loss factor g.
The steeper the slope of the mean decay coefficients to the
loss factor g, the more vulnerable the edge states are to the
non-Hermitian perturbations. Counterintuitively, the superior
robustness of AFI edge states over the CI ones does not persist
in the non-Hermitian case. In contrast, the CI edge states in
quasienergy band gaps 3 and @ () and ©)) are more (less)
robust than the AFI edge states in all six band gaps to the
non-Hermitian perturbations. That is because the robustness
of the AFI and CI edge states against non-Hermitian pertur-
bations depends on the boundary localization strength of the
edge states with g = 0. The stronger boundary localization of
the edge states at g = 0, the weaker robustness against the
non-Hermitian perturbations (see Note 8 in the Supplemental
Material [43]). The eigenmode intensity distributions of the
non-Hermitian AFI phase (upper panel) and CI phase (lower
panel) both in band gap @ under different loss factors g are
plotted in Fig. 4(f), from which we can see that both the AFI
and CI edge states are gradually localized to the upper left
corner by the NHSE with increasing loss factors g. Remark-
ably, with the same nonzero loss factors g, the AFI corner skin
modes (upper panel) exhibit stronger localization than those
of the CI ones (lower panel), indicating that the CI edge states
are more robust than the AFI ones in band gap @) against
the non-Hermitian perturbations, which is different from the
Hermitian case.

IV. CONCLUSIONS

In summary, we have theoretically extended anomalous
nonreciprocal topological networks to topological active mat-
ter systems and demonstrated anomalous and Chern CESs
in topological active-liquid networks with spontaneous TRS
breaking in the absence of any external drives. We show
that the anomalous nonreciprocal topological edge states ex-
hibit superior robustness against Hermitian disorders than the

Chern ones. However, such superior robustness does not hold
in the presence of non-Hermitian perturbations induced by
dissipation, and both the anomalous and Chern CESs transi-
tion to corner skin modes by the NHSE. Counterintuitively,
the Chern CESs in some quasienergy band gaps are even
more robust than the anomalous ones against non-Hermitian
perturbations, exhibiting different behaviors from the Hermi-
tian case. Since experiments on the dynamics of active fluids
have been demonstrated in coupled annular channels [57]
and large-scale networks [58], we envision that the unique
topological effects of this work can also be observed in similar
systems. Our findings may have potential applications for the
manipulation of sound in both Hermitian and non-Hermitian
topological active-liquid network systems.
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