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Coherent-Resonance Enhancement of Sensing at the

Exceptional Points

Jingming Chen, Qinnan Xie, Jingjing Zhang,* Zhuo Li, Tie Jun Cui,* and Yu Luo*

The branch point singularities in the Riemann surface of the parameter space
are known as the exceptional points (EPs), at which two or more eigenvalues
and their associated eigenvectors simultaneously coalesce. The abrupt
bifurcation property around an EP shows a strong spectral response to
external perturbations, and hence, is exploited as a new approach to
ultrasensitive sensors. Recently, an intriguing proposal for implementing
second-order EPs in optical resonators with external perturbations has shown
the superiority of non-Hermitian degeneracies in the enhancement of
sensing. Of particular importance is further improving the sensitivity to even
greater extents. To this end, a novel physical mechanism is proposed, namely
introducing extra resonances of external Rayleigh scatterers to accomplish
strong-coupling augmentation in sensing. The results, grounded by both
theoretical coupled-mode-theory calculations and experimental
spectral-domain measurements, show that the EP-based sensor working at
the coherent resonance equips simultaneously substantial perturbation
strength and azimuth sensitivity even subjected to extremely weak
perturbations. This work paves the way to a new class of highly functional
tunable sensors for applications in optics, microwave and acoustics.

ideal azimuthally symmetric resonator sup-
ports two counter-propagating whispering
gallery modes (WGMs), i.e., clockwise (CW)
and counter-clockwise (CCW) ones at the
diabolic point (DP) with a degenerate eigen-
frequency but non-degenerate eigenstates.
When a DP-based sensor is perturbated
by surface defects or external scatterers,
backscattering triggers modal coupling be-
tween CW and CCW travelling waves,
giving rise to frequency splitting that is
linearly proportional to the perturbation
strength. Although some DP-based sen-
sors with ultrahigh Q-factor have been
applied to the weak measurement such
as the single nanoparticle/molecule detec-
tion, their linear response characteristics
render them ineffective against extremely
weak perturbations. Recently, an innova-
tive type of sensor, known as the excep-
tional point (EP) sensor, is proposed to
overcome this drawback.['>71¢] Unlike tra-
ditional DP-based sensors, a sensor oper-
ating in the vicinity of a N-th-order EP
exhibits a N-th-root frequency response

1. Introduction

High-quality whispering gallery microcavities such as micro-
sphere,l!l micro-toroid,?! and micro-diskl}] play crucial roles
in many applications involving the detection/sensing of small
perturbations!*'% and/or measurement of weak signals.[1*1] An

to the perturbation strength. In other words, for a sufficiently
small perturbation, the frequency splitting is parametrically
larger, i.e., a unique characteristic resulting from non-Hermitian
degeneracies.

Exceptional point is the hallmark of non-Hermitian systems
and has been extensively explored in a variety of parity-time
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Figure 1. The schematic diagrams of coherent-resonance enhanced EP-based sensors. a) Coherent-resonance enhanced EP-based sensors in optical,
microwave and acoustic wave regimes via perturbing the WGM with two external subwavelength resonators that resonant coherently with the WGM.
b) A coherent-resonance enhanced EP-based sensor consisting of an azimuthally symmetric spoof LSP resonator (with R = 12mm,r = 9mm, d =
1.255 mm, a = 0.625 mm) and two subwavelength spiral-shaped spoof LSP resonators (with r; = 2.6 mm, r, = 2.8 mm, respectively).

(PT)-symmetric systems with balanced gain and loss.['-2*] The
typical example is a coupled cavity/waveguide system with a judi-
ciously tailored gain-loss distribution.['”-?*] The non-Hermicity
can also be manipulated in all-passive systems through the con-
trol of the resonator geometry. Based on this scheme, the EP
is achieved in shape-deformed microcavities,|®?’] chiral res-
onators array,['®! multilayered plasmonic nanoantenna arrays!??!
and microcavities scattered by external nanotips.['2-14]

The setup we worked on is motivated by one intriguing pro-
posal for EP-based sensors, i.e., whispering gallery microcavity
with two external Rayleigh scatterers.['>"1*] In previous work, this
strategy has been implemented at optical frequencies and nearly
twofold sensitivity enhancement was observed.!'*] To further en-
hance the sensitivity, one can either implement a higher-order
non-Hermitian degeneracy (i.e., increase the root order of the fre-
quency response to the perturbation strength) or push the cou-
pling strength between the microcavity and Rayleigh scatterers to
the strong-coupling regime. Since small perturbations are gener-
ally accompanied with weak coupling, previous approaches make
use of higher-order EPs to achieve higher-order non-Hermitian
degeneracies, so as to enhance the sensitivity.'>*] However,
higher-order EPs are often implemented with multiple micro-
cavities and generally require precise control of the gain/loss or
backscattering of each resonator,'>'¢] where the implementation
is very complex and the system is unstable. In this paper, we pro-
pose a different scheme to enhance EP sensing, through the in-
troduction of coherent resonances to the external Rayleigh scat-
terers. Based on the coupled mode theory, we show that the reso-
nant frequency of the Rayleigh scatterer provides an extra degree
of freedom to effectively control the coupling strength between
the microcavity and external Rayleigh scatterers. The sensitivity
of the system is maximized when the external Rayleigh scatterers
resonate coherently with the WGMs. As an experimental proof,
we implement the deep-subwavelength scatterers based on spoof
localized surface plasmons and observe over one order of magni-
tude sensitivity enhancement in a single whispering gallery mi-
crocavity without increasing the order of EP. Finally, we stress
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that the strategy proposed in this work is fairly general and can
be easily extended to optical frequencies and even to other wave
systems such as acoustics, as depicted in Figure 1a.

2. Results and Discussion

The specific structures we propose and investigate consist
of one spoof localized surface plasmons (LSP) resonator! 23"
and two nonidentical sub-wavelength spiral-shaped spoof LSP
resonators®'—*#l ag illustrated in Figure 1b. Here, we fix the po-
sition of one spiral-shaped LSP resonator (marked in red, az-
imuthal position g, = 0, distance d, = 0.5mm) and precisely tai-
lor the relative position of the second spiral-shaped LSP resonator
(marked in blue). The complex frequency splitting tends to van-
ish at some particular positions when the two sub-wavelength
resonators induce fully asymmetric backscattering between CW
and CCW travelling waves.

Here, we employ a theoretical model with two-mode approxi-
mation to describe this system. The effective 2 X 2 Hamiltonian
in CW and CCW travelling waves basis is:

2 AQ)

®

Hgp = <B(z) w(2)> (1)
with

o = w,+e€ +e€

AY = ¢ g2 4 g g2
B(Z) — 6,1e+i2mﬁ1 + €Z€+i2mﬂ2 (2)

where w, is the complex resonant frequency of unperturbed CW
(or CCW) travelling waves; m is the azimuthal mode number of
the WGMs; ¢, (¢,) is the half of the complex frequency splitting
when the WGMs is perturbed by the spiral-shaped resonator1 (2)
alone; #, (B,) is the angular position of spiral-shaped resonatorl
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(2) (we set p; = 0throughout the manuscript). Note that w,,
€;, and €, are set to complex numbers to take into account the
loss effect (i.e., scattering and/or dissipation). A® (B?) quantify
the amount of backscattering from CW (CCW) to CCW (CW)
travelling wave. Particularly, in the case of the fully asymmetric
backscattering between CW and CCW travelling waves, e.g., A®)
# 0 and B® = 0, two WGMs coalesce at the exceptional point.

When a target scatterer enters into the evanescent field region
to disturb the DP (EP)-based sensor, the resonance of the system
will deviate from the DP (EP), thereby lifting the degeneracy of
eigenmodes and triggering the complex frequency splitting. Ac-
cording to the perturbation theory, the system Hamiltonian in the
presence of the perturbation can be written as H;p) = Hppp +
H,, where Hpppp, is the system Hamiltonian without the pertur-
bation and H, corresponds to the deviation caused by the pertur-
bation. For example, the DP-based sensor subject to a perturba-
tion ¢, is described by the following Hamiltonian:

_ (o, 0O € €€ 2
H, = Hp, + H, = <0 a’o) + <€Oe+i2mﬁ0 € G)

where f,, is the angular position of the target scatterer. Since the
complex frequency splitting Awp,;, is the difference of the two
eigenvalues of H,, Equation 3 gives A wpp, = 2¢,, implying that
Awpp is linearly proportional to the perturbation €,. In the case
of EP-based sensors, previous works['214l show that the system
Hamiltonian takes the form of:

2 A@ —i2mfy

w € €yt

H =H H. = 0 0 4
2 EP ( 0 w(2)> (606+12mﬁ0 € ) ( )

where the eigenvalue difference (and hence the frequency split-
ting Awy,) is proportional to 4/e,.l'>""*! This quadratic relation-
ship significantly enhances the frequency splitting at small ¢,,.
We highlight that Equation 4 is valid only when the two Rayleigh
scatterers introduced to the EP sensor do not resonate with the
WGMs. When the two Rayleigh scatterers and the WGMs res-
onate coherently with each other, in this case, the Hamiltonian
of the EP sensor should be modified according to H, = Hy, +
aH, (see Supplementary Materials S2, Supporting Information).
Note that an enhancement factor « is introduced because the rel-
atively strong coupling!*3¢] between the resonant Rayleigh scat-
ters and the whispering gallery microcavity significantly modifies
the perturbation strength €, leading to enhanced frequency split-
ting deduced as:

ﬂ = a 14 MeiZmﬂo (5)
Awpp ae,

In other words, the resonance of the Rayleigh scatter intro-
duces another degree of freedom to engineer the spectral re-
sponses of the EP-based sensor.

Equation 5 indicates that the frequency splitting of the EP-
based sensor is significantly larger than that of the DP-based one
because of two factors: 1) the enhancement factor « resulting
AR g2y

(aeq)
responding to the non-Hermitian degeneracy at the EP. When
a — 1, Equation 5 reduces to the case of traditional EP-based

from the resonance of the Rayleigh scatter; 2) 4 /1 + cor-
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sensors,[1214] where the sensitivity enhancement is dominant by

the non-Hermitian degeneracy. On the other hand, when a > 1,
|Awgp/Awpp| is positively correlated with both the enhancement
factor @ and the backscattering coefficient |[A?)|, giving rise to fur-
ther sensitivity enhancement as a increases.

Equation 5 also offers us the stepping stone to explore other ex-
otic phenomena such as higher azimuth sensitivity by engineer-
ing the enhancement factor a. We highlight that a can be effec-
tively controlled by tuning the resonance of the sub-wavelength
spiral-shaped resonator. To illustrate this point, we select the
sixth-order WGMs (m = 6) at w, = 9.8048 GHz as the char-
acteristic modes and design dipolar modes of two spiral-shaped
resonators with @, = w; = 5 X w, by tuning the structural pa-
rameters, where 7 is the degree of the resonance coherence. We
consider three different EP-based sensors with = oo (fully non-
coherent), n = 1.05w, (partially coherent), # = w, (fully co-
herent), respectively. The corresponding geometries of the three
structures are plotted in Figure 2a—c. For simplicity, we first con-
sider the 2D scenario, where the structure is infinite along the
axial direction. The complex eigenvalues and eigenstates of the
system around the corresponding EPs are numerically computed
with COMSOL Multiphysics. The real and imaginary parts of
eigenfrequencies exhibit a square root dependence on the rela-
tive angular position f, — f, near the branch points, i.e., EPs
(see Figure 2d,f,h). The eigenmode field distributions (|H,|?) (see
Figure 2e,g,i) of the paired modes show the same chirality, prov-
ing that these systems operate at EPs. More interestingly, we find
that the fully coherent EP-based sensor exhibits the largest mode
splitting (corresponding to the highest sensitivity) when deviat-
ing from EPs.

In order to verify our theoretical model and ascertain the
dependence of the sensitivity enhancement on the degree of
the resonance coherence, we conduct further simulations by
introducing a circular dielectric particle (refractive index 1.5,
radius 0.5 mm) at the angular position g, = = as the tar-
get scatterer. The logarithmic plot of the absolute frequency
splitting |Aw| in terms of the perturbation strength ¢, is plot-
ted in Figure 3a, where the target scatterer is located in the
vicinity of a DP-based sensor (black point) and five different
EP-based sensors (colored points) labeled by the degree of the
resonance coherence # = o0, 1.05w,,1.03w,,1.01e0,, w, respec-
tively. The DP-based sensor exhibits a linear relationship with
a slope of 1, confirming the linear response to the perturbation
strength around the diabolic point, whereas the EP-based sen-
sor exhibits a slope of 1/2, indicating that perturbations around
the exceptional point experience an enhancement in the terms
of e'2.

Figure 3b displays the sensitivity enhancement |Awgp/Awpp|
of the five EP-based sensors as a function of the perturba-
tion strength ¢,. The colored solid curves are fitted with Equa-
tion 5, showing remarkable quantitative agreement between the
simulation and the theoretical formula. Apparently, the sen-
sitivity of the system increases dramatically as n approaches
1. The inset in Figure 3b confirms that the fitted enhance-
ment factor a increases exponentially with decreasing #, consis-
tent with the predictions of Equation 5: the sensitivity of EP-based
sensors can be significantly improved by tuning the degree of
resonance coherence between the WGMs and the spiral-shape
resonators.
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Figure 2. Eigenvalues and eigenfields near the exceptional points generated from different resonance coherences. a—c) Schematic diagrams of three
different exceptional-point sensors, where the resonant frequencies of external spiral-shaped resonators are oo (fully noncoherent) (a), 1.05@ (partially
coherent) (b), wy (fully coherent) (c), respectively. d,f,h) The real and imaginary parts of eigenfrequencies for three systems near homologous EPs as
functions of the relative angular position f,. e,g,i) The corresponding fields distributions (|H,|?) of paired EPs eigenmodes.

Larger enhancement factor « not only improves the sensitiv- @gp A0

ity, but also provides a possible route to detect the azimuth posi- Ao = Ee’mﬂﬂ (6)
tion of the perturbation, even under extremely small perturbation br 0

strength. We highlight that high azimuthal sensitivity is difficult

to realize with both conventional DP- and EP-based sensors. To  Equation 6 indicates that the real and imaginary parts of
demonstrate this point, we first consider the conventional EP-  Aw,,/Aw,, are periodic functions of f,, whereas the corre-
based sensor out of the coherent resonance where a — 1. For  sponding absolute value remains a constant. Such a behavior
sufficiently small perturbations €, < 1, the sensitivity enhance- s confirmed by Figure 4a that shows that the simulated real

ment is calculated as: (imaginary) part of the complex sensitivity enhancement changes
a b 80
1 [~
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Figure 3. Dependence of sensitivity enhancement of EP-based sensors on the degree of resonance coherence. a) Logarithmic plot of the absolute
frequency splitting |Aw| versus the perturbation strength €, when a target dielectric particle is moved toward a DP-based sensor (black point) and five
EP-based sensors (colored points) involving subwavelength resonators with different degrees of resonance coherence, «, 1.05w, 1.03w, 1.0Twg, @,
respectively. The DP-based sensor exhibits a linear relationship with the slope of 1, whereas the EP-based sensors exhibit a slope of 1/2, confirming the
square root topology of second order exceptional points. b) The sensitivity enhancements |Awgp/Awpp| for five EP-based sensors as functions of the
perturbation strength ¢,. The colored solid curves are fitted with theoretical formula Equation 5. The inset displays the decay relationships between fitted
« and the degree of resonance coherence 7.
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Figure 4. The sensitivity enhancement as a function of the angular position of the target scatterer with sufficiently modest perturbation strength. a,c)
The real and imaginary part (a) and the absolute value (c) of the complex sensitivity enhancement as a function of the angular position of the target
scatterer, for a conventional EP-based sensor out of coherent resonance. b,d) The real and imagine part (b) and the absolute value (d) of the complex
sensitivity enhancement in terms of the angular position of the target scatterer, for a fully coherent resonance EP-based sensor. In both cases, the target
scatterer is set 2 mm away from the WGM resonator with its angular position fy varying from 3 to 4.5 radians.

periodically in a cosinoidal (sinusoidal) trend in response to the
variation of the angular position of the target scatterer. Accord-
ingly, the absolute value of sensitivity enhancement is approxi-
mately a constant ~3.8 irrespective of f,, as shown in Figure 4c.
The constant |Awgp/Awpp| as confirmed by both the theory and
simulation reveals that the EP-based sensor out of the coherent
resonance exhibits a relatively low azimuthal sensitivity.

In contrast, the EP-based sensor working at the coherent res-
onance exhibits a completely different behavior, as shown in
Figure 4b,d. To make a fair comparison with the conventional EP
sensor discussed above, we set the target scatterer at the same
position as in Figure 4a,c to introduce the same perturbation
strength ¢,. We highlight that, because of the large enhancement
factor a introduced by the coherent resonance, ae, is no longer
negligible even if ¢, < 1. In this case, the complex sensitivity en-
hancement Awg,/Awp, must strictly follow Equation 5 with its
real and imaginary parts deviating significantly from the trigono-
metric trend (See Figure 4b). Remarkably, the absolute value of
Awgp/Aw),p also varies dramatically with the angular position g,
as confirmed by the simulation in Figure 4d. Such a behavior
can be interpreted as the angle-dependent interference between
the backscattering induced by the target scatterer and the two
LSP resonators when a¢, is comparable to A®. In Figure 4, dot
lines correspond to simulated data obtained with COMSOL Mul-
tiphysics while the solid lines are calculated theoretically using
Equation 5. The quantitative agreement demonstrates the validity
of our theoretical model. The strong angle-dependent sensitivity
enhancement further reveals that fully coherent resonance EP-
based sensors have an excellent azimuthal resolution even under
extremely weak perturbations
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Finally, we proceed to the experimental demonstration, where
the DP-based sensor and EP-based sensors with and without co-
herent resonance are fabricated using the standard printed cir-
cuit board fabrication with 18um thick copper on a 1.575 mm
thick RT5880 (permittivity ¢ = 2.2 + 0.02, loss tangent A§ =
0.0009) dielectric substrate, as depicted in Figure 5a—c. An SSPP
waveguide connected to the vector network analyzer is designed
to excite the LSP resonances through nearfield coupling. The ex-
ceptional points of the EP-based sensors are confirmed by the
zero mode-splittings in the transmission spectra, i.e., only a sin-
gle resonance dip is observed in Figure 5b,c. The non-Hermitian
nature of the EP-based sensors is also demonstrated by the mea-
sured asymmetric reflection spectra as shown in the insets of the
bottom panels of Figure 5b,c.

In order to compare the sensitivities of the three sensing sys-
tems above, we introduce a copper particle as the target scatterer
into the near-field region of the WGM resonator. The target scat-
ter perturbs the evanescent field of the WGM resonator, result-
ing in mode splitting in the transmission spectrum, as shown
in Figure 5d-f. The sensitivities of the three systems are com-
pared by measuring the mode splitting. Remarkably, the EP-
based sensor working at the coherent resonance shows a nearly
twofold sensitivity enhancement over that of the conventional
EP-based sensor out of the coherent resonance, corresponding
to a nearly three-fold sensitivity enhancement over that of the
DP-based sensor. Furthermore, in order to demonstrate the de-
pendence of sensitivity enhancement of these two EP-based sen-
sors on the perturbation strength, we proceed to change the size
of the copper particle for the three sensors and measure corre-
sponding mode splitting. As shown in Figure 6a, the DP-based
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Figure 5. Experimental observations on the sensing abilities of the fully noncoherent resonance and fully coherent resonance EP-based sensors. a,d)
The transmission spectra of DP-based sensor before (a) and after (d) being perturbated by the copper target scatterer in close proximity to the LSP
resonator. b,e) The transmission spectra of fully noncoherent resonance EP-based sensor before (b) and after (e) being perturbated by same copper
target scatterer. ¢,f) The transmission spectra of fully coherent resonance EP-based sensor before (c) and after (f) being perturbated by the same copper
target scatterer. The insets in (b) and (c) show the fully asymmetric backscattering with S12 and S21. The red vertical dotted lines highlight the mode

splitting and the contrast in sensitivity enhancement is clearly visible.

sensor exhibits a linear relationship with a slope of 1, whereas
the EP-based sensors exhibit slopes of 1/2, confirming the lin-
ear and square-root response to the perturbation strength around
the diabolic point and exceptional point, respectively. Besides,
as demonstrated in Figure 6b, the sensitivity enhancement of
fully coherent resonance EP-based sensor is nearly two-fold over
that of the non-coherent resonance EP-based sensor at a broad
perturbation strength region. These measurements successfully
validate our aforementioned theoretical model and reveals appli-
cation prospects of our proposal in sensing enhancement. Note
that although the classical (i.e., technical) noise may influence the
sensing performance of our proposed EP-based sensors working
in the classical wave regime, this type of noise can be reduced, i.e.,
the signal-to-noise ratio can be increased, by using active device
such as low-noise amplifiers and low-pass filters!*’! or introduc-
ing nonlinear saturable gain.[38]
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Detailed discussions on the experiments, including the exper-
imental setup and the design of the systems are provided in Sup-
plementary Materials S3—-S6 (Supporting Information).

3. Conclusion

In summary, we have proposed a new class of EP-based sen-
sor by introducing coherent resonance between the whispering
gallery microcavity and two external sub-wavelength resonators.
On the platform of LSP resonators, we have demonstrated theo-
retically and experimentally that such a fully coherent resonance
EP-based sensor exhibits remarkable enhancement of sensitiv-
ity over the corresponding fully noncoherent EP-based sensor,
providing not only excellent perturbation strength sensitivity, but
also azimuth sensitivity even with extremely small perturbations.
Our proposed ultrathin EP-based sensor with high sensitivity as

© 2024 Wiley-VCH GmbH
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Figure 6. Experimental demonstrations on the dependence of sensitivity enhancements of the fully noncoherent resonance and fully coherent resonance
EP-based sensors on the perturbation strength. a) Logarithmic plot of the absolute frequency splitting | Aw| versus the perturbation strength e, (changing
the size of target copper particle) for a DP-based sensor (black point), fully noncoherent resonance and fully coherent resonance EP-based sensors,
respectively. The DP-based sensor exhibits a linear relationship with the slope of 1, whereas the EP-based sensors exhibit a slope of 1/2, confirming the
square root topology of second order exceptional points. b) The sensitivity enhancements |Awgp/Awpp| for two EP-based sensors as functions of the

perturbation strength ¢.

well as high angular resolution, may find a broad range of ap-
plications in integrated detection and characterization systems.
Furthermore, this strategy is fairly general and can be easily ex-
tended to other classical wave systems such as optics, acoustics
and mechanical wave.

Supporting Information

Supporting Information is available from the Wiley Online Library or from
the author.
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